Abstract. It is well known that very special Γ-spaces and grouplike E∞ spaces both model connective spectra. Both these models have equivariant analogues in the case when the group acting is finite. Shimakawa defined the category of equivariant Γ-spaces and showed that special equivariant Γ-spaces determine positive equivariant spectra. Costenoble and Waner [7] showed that grouplike equivariant E∞-spaces determine connective equivariant spectra.
Introduction
There are several space level models for the category of spectra. Segal [20] developed the notion of very-special Γ-spaces to model connective spectra. May [16] showed that group-like E ∞ -spaces model connective spectra.
May and Thomason [18] gave a comparison of these models and showed that they are indeed equivalent. However, the model theoretic viewpoint was missing and the equivariant case was not considered. We show that the two models of equivariant infinite loop spaces, namely, equivariant E ∞ -spaces and equivariant Γ-spaces are equivalent.
We interpret the infinite loop space of an E ∞ -equivariant ring spectrum as an equivariant Γ-space. We then describe the units of equivariant spectra in terms of equivariant Γ-spaces.
1.1. Background and Results. Let R be an E ∞ -ring spectrum. Then π 0 (R) defines a monoid and we can consider its unit components. Define GL 1 R to be the following pullback of spaces
May, Quinn and Ray [19] showed that GL 1 (R) is a grouplike E ∞ -space and hence determines a connective spectrum which is denoted by gl 1 R.
The theory of units of ring spectra was developed to understand the obstruction theory [19] for E ∞ -orientations on cohomology theories and to classify these orientations. Further the classifying space of the multiplicative units of a cohomology (ring) theory parametrize its twistings [1] , as in the case of twisted K-theory [2] .
A recent result of Freed, Hopkins and Teleman [10] relates twisted equivariant K-theory of a compact lie group with the representations of the loop group of the lie group. Atiyah and Segal [2] and Freed, Hopkins and Teleman [10] give a geometric construction of twisted equivariant K-theory. This construction does not use homotopy theoretic methods. Further equivariant orientation theory is not as well understood as the non-equivariant case. We expect that the twistings of equivariant K-theory will be parametrized by the units of equivariant K-theory as in the non-equivariant case. We also hope that the units of equivariant ring spectra will give a better perspective on equivariant orientation theory.
May's machine describing equivariant infinite loop spaces via equivariant grouplike E ∞ -spaces can be applied directly to construct the unit equivariant spectrum associated to the unit space of an equivariant E ∞ ring-spectrum. According to May [private communication] , the details have been understood in principle since the early 1980s, although the theory has still not been written up. The details of how equivariant E ∞ -spaces describe equivariant infinite loop spaces have been discussed by Costenoble and Waner in [7] .
In this article, we give a comparison theorem, between the two models of equivariant infinite loop spaces. We use the comparison theorem to give a construction of the unit space of equivariant E ∞ -ring spectrum in terms of equivariant Γ-spaces (Defn 3.2, Defn 3.3).
Let G be a finite group. Shimakawa defined the notion of Γ G -spaces [21] and showed that special Γ G -spaces are equivalent to positive G-spectra (Defn. 3.6 ). We develop this notion of equivariant Γ-spaces further and show that very special Γ-spaces are equivalent to equivariant infinite loop spaces in Theorem 7. 6 . We describe a model structure on the category of equivariant Γ-spaces where the special Γ G -spaces are the fibrant objects. We prove that this category is Quillen equivalent to the category of equivariant E ∞ -spaces with the model structure inherited from that on the underlying category of G-spaces in Theorem 6.2. We expect this equivalence will respect the symmetric monoidal structures on the categories. This is discussed in Remark 5. 18 .
If X is a very special Γ G -space then X(1) is a equivariant infinite loop space. Given a special Γ G -space we show that the G-space represented by the orbit diagram of invertible fixed point components defines an equivariant infinite loop space cf. Lemma 9.6.
Beginning with an equivariant E ∞ -ring spectrum we define the group of units of equivariant E ∞ -ring spectra as a very-special equivariant gamma space in Definition 9.10. Our definition of GL 1 matches with the usual notion of units of commutative ring spectra when the group action is trivial.
In Appendix C, we discuss further why our definition of equivariant units is a good analog of the non-equivariant definition. As alluded to in Appendix C in a later paper joint with Chenghao Chu we will discuss the Quillen equivalence between the category of equivariant Γ-spaces and the category of equivariant spectra. There we will also discuss an equivariant analog of Segal's method of obtaining Γ-spaces from symmetric monoidal categories.
All of our constructions are valid only when the group acting is finite. If G is not finite then Blumberg [4] shows that one cannot use the model of Γ G -spaces. The equivariant infinite loop space theory is not as well understood when the group acting is not finite.
There has been some work in the direction of describing equivariant infinite loop spaces in the compact Lie group case by Caruso and Waner [5] . However, very little is known so far. Remark 1.1. We expect that the notion of orientations arising from the equivariant space GL 1 for the Eilenberg-Maclane spectra of Burnside Green functors should be related the notion of equivariant orientation theory described by May, Costenoble and Waner [6] for equivariant bundles when the group acting is finite. At this point we do not have any results in this direction.
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Notation
• Let T denote the category of compactly generated based topological spaces, morphisms being continuous based maps.
• Let W denote the category of pointed CW-complexes.
• Let n, m, p and r denote natural numbers.
• We will denote the unit of adjunction of an adjoint pair by η and the counit by ǫ.
• Denote the category of sets by I and the category of finite G sets by I G .
• Let C be any topological category and A be an object of C. Then denote the corepresentable functor C(A, ) from C → T by C A and representable functor C( , A) from C → T by C A .
Equivariant Infinite Loop Space machines
Let G be a compact lie group. Let U denote the complete universe of real representations of G, namely, U is a collection of G-representations containing the trivial representation and countably many copies of irreducible representations. Definition 3.1. A prespectrum X is a collection of G spaces indexed on finite dimensional subspaces, namely, V, W of U with G-maps S W ∧ X V → X V ⊕W . If the adjoint maps are G-weak equivalences then X is called a Ω G-spectrum.
For the rest of this article we will assume that G is a finite group.
3.1. Equivariant Γ-spaces. Shimakawa [21] constructed an equivariant analogue of Γ-spaces. We now describe equivariant Γ-spaces.
Let GT denote the category with objects based G-spaces and morphisms continuous G-maps. A map of G-spaces X f − → Y is a G-homotopy (weak) equivalence if for every H < G,
Define T G to be the category whose objects are the same as that of GT but morphisms are all maps between based G-spaces. The category T G is enriched over G-spaces. Given two based G-spaces X and Y , for any f : X → Y and g ∈ G we define,
Thus, the space of all maps T G (X, Y ) has a G-action by conjugation.
Definition 3.2. Let Γ denote the skeletal category of finite pointed sets with pointed set maps as morphisms. Denote the n + 1 element set {0, 1, · · · , n} by n where 0 is the marked point. The category Γ is a topological category with discrete topology on the morphism sets. Note that our Γ is Segal's Γ op .
Define a category Γ[GT ] to be the category whose objects are continuous functors X from Γ to GT such that X(0) is a point. Morphisms in this category are natural transformations.
Definition 3.3. Let GΓ denote the skeletal category of finite pointed G-sets (where the G action preserves the marked point) with G-pointed maps. Let Γ G be the category with the same objects as GΓ but with morphisms being all pointed set maps, The category Γ G is G-enriched. The G-action on Γ G (S, T ) is by conjugation as before.
Define the category Γ G [T G ] to have objects continuous G-functors X from Γ G to G-spaces such that X(0) is a point. We refer the objects of
Denote the category of functors X : GΓ → GT such that
Let S denote a finite pointed G-set. Let p s : S → 1 for s ∈ S be the morphism defined
) is a G-map and g.p s = p g −1 s it is easy to show that the map θ is a G-map.
Definition 3.4. Let X be a Γ G -space. If the adjoint map X(S) → T G (S, X(1)) is a G-weak equivalence then X is defined to be a special Γ G -space.
Define the map 2 µ − → 1 to be such that µ(0) = 0 and µ(1) = 1 = µ(2). Let H be a subgroup of G and X be a special Γ G -space. Then up to homotopy the map
H induces a monoidal structure on X(1) H .
Definition 3.5. Let X be a special Γ G -space. If for every H < G, the space π 0 X(1) H is a group under the monoid structure induced by specialness condition on X, then X is defined to be a very-special Γ G -space.
Given any Γ G -space X, the G-functor X : Γ G → T G has a left Kan extension from the category of G-CW-complexes to T G . Denote the left Kan extension again by X : W G → T G , where W G is the G-enriched category of based G-CW complexes.
Let V and W be a G-representations. Then, the adjoint map to the isomorphism
Thus every Γ G -space defines a G-prespectrum. Shimakawa [21] shows that a special Γ G -space defines a positive Ω-G-spectrum.
The following proposition is an important observation (due to Shimakawa and May) which we will use extensively.
Proposition 3.7.
[22] Let i be the inclusion functor from Γ to Γ G taking sets to G-sets with trivial G-action. Then there exist an adjoint pair of functors
which induce an equivalence of categories.
Proof. Let X be a functor Γ → GT . For any finite G set, define Γ G,S to be the G-
Define the functor PX : Γ G → T G at a G-set S as the left Kan extension
defined to be the coequalizer
where one of the maps is given by the functoriality of X and the other is composition in Γ G given via inclusion of Γ(m, n) → Γ G (m, n) but giving the sets trivial Gaction. Let S be a finite G-set and f : S ∼ = − → n as sets. The G-action on S can be described by a group morphism ρ : G → Σ n . Define X(n) ρ to be the G-space X(n) with the G-action defined as follows: Given an element x ∈ X(n) and g ∈ G,
. Fix f : S → n to be an isomorphism of sets. This induces a group morphism ρ : G → Σ n such that for any s ∈ S,
Define X(n) ρ as before, then we have a map β : PX(S) → X(n) ρ as β(h, x) = X(f h)(x). This is a Gmap and is invertible with inverse θ :
. Let S be a finite G set with |S| = n. Then the G-set is completely described by (n, ρ : G → Σ n ) up to a set isomorphism, where ρ describes the G-action on S.
Thus, these functors induce an equivalence of G-categories.
In Γ[GT ], a Γ-space X is special if for every H < G and homomorphism ρ :
is a H-weak equivalence. The group H acts on X(1) n ρ as follows. For any h ∈ H and (x 1 , · · · , x n ) ∈ X(1)
n we have
Shimakawa shows that [22] [pg 226] this is equivalent to the condition that EX is a special Γ G -space. We will switch back and forth between these two notions of equivariant Γ-spaces depending on the situation. [7] showed that a G-grouplike E ∞ -space is G homotopy equivalent to an equivariant infinite loop space. Definition 3.8. A G-operad D is an operad in the category of G-spaces. The spaces D(n) have an action by G × Σ n and the operad action maps are G-maps commuting with the symmetric group action. We assume that D(0) is a point (which induces the base point on D(n) for all n ∈ N via the operad structure maps) and 1 ∈ D(1) is fixed under the action of G. Given a based G-space X we can construct a free D-space
Equivariant Operads and Monads. Costenoble and Waner
where, the relation is defined as follows. Let σ j :
where D(0) is in the jth spot and let i j : X j−1 → X j be the map which inserts a point in the jth spot. Then for any d ∈ D(j) and x ∈ X j−1 the relation is given by (c, i j (x)) ∼ (σ j (c), x).
A G-space, X is said to be an E ∞ -space if it has an E ∞ G-operad acting on it.
Given an E ∞ -space X, the operad induces a monoidal structure up to homotopy on X H for all subgroups H < G. Define X to be G-grouplike if π 0 (X H ) is a group for all subgroups H of G.
Category of Equivariant Operators
Both, the category of grouplike E ∞ -spaces and the category of very-special Γ-spaces model infinite loop spaces. May and Thomason [18] showed that both these approaches to infinite loop space are equivalent. They defined the notion of "category of operators" to construct a category which can be compared to the category of E ∞ -spaces and the category of Γ-spaces. We generalize their ideas to the equivariant setting.
With appropriate model category structure the category Γ[T G ] models the category of equivariant Γ-spaces. Our theorem compares the category of equivariant E ∞ -spaces with the category Γ[T G ].
We now introduce the notion of a "category of equivariant operators". Definition 4.2. Let GΠ denote the subcategory of GΓ such that GΠ(S, T ) = {φ ∈ GΓ(S, T )/φ −1 (t) has at most one element for all t ∈ T } Definition 4.3. Let Π G denote the subcategory of Γ G such that
has at most one element for all t ∈ T } Definition 4.4. Define a Π G -space to be a covariant G-functor from X : Π G → T G such that X(0) = * . Define the representable Π G -spaces, Π G,T as follows
Define X to be a special Π G -space if the map θ induced by the maps p s ,
is a G weak equivalence.
Lemma 4.5. Let L ′ and R ′ be a pair of functors
Proof. It is easy to see that L ′ and R ′ are G-functors. We will denote the unit of adjunction of an adjoint pair by η and the counit by ǫ. Note η : (1)). The maps p s induce a map
as defined before. Therefore, the functors L ′ and R ′ are adjoint to each other. ) n . We have the following commutative diagram :
[18, Defn 1.1] Define a category of operators G to be a topological category whose objects are the sets n and with functors from Π to G and G to Γ such that the induced functor from Π to Γ is the inclusion of Π in Γ. We will assume that G(m, 0) = * for all m ∈ ObG.
A map of category of operators G and H is the following commutative diagram of continuous functors.
Definition 4.7. Define a category of equivariant operators to be a category of operators G enriched over G-spaces. Morphisms are morphisms of category of operators which are G-functors. An equivalence of category of equivariant operators is an morphism of category of operators which induces G-weak equivalence on the morphism spaces.
Note that any category of operators is enriched over G-spaces via trivial G-action and is therefore a category of equivariant operators.
Let H be a category of equivariant operators. Given any n ∈ ObH, we have an object in the category
Proposition 4.8. Let G and H be categories of equivariant operators. Let G v − → H be a morphism of category of equivariant operators. Then there exists a functor
Proof. Given a functor G v − → H and functor G X − → T G , there exists a left Kan extension of X to H defined as the coend, v * X(n) = H n ⊗ G X which is given by the following coequalizer in GT .
The adjointness is easy to check.
Let G be a category of equivariant operators. Then G defines a monad on Π[GT ]. For any Π-space X,
Any pointed G-operad D induces a category of equivariant operators. Definê D to be the category with objects being the finite sets n and the morphism space defined asD
It follows that the categoryD is a category of equivariant operators. The category of operatorsD induces a monad and denote the free algebra functor
where the relation is as before.
Given a D-space X by construction RX is aD-space. Denote this induced functor on D-spaces by R D . We have the following square of adjoint pairs.
It is said to be ordered if it is order preserving. The set of ordered effective morphisms from m to n is denoted by E(m, n).
Moreover, F 0D X(n) = X(0) =DX(0) and F pD X(n) can be constructed as the following pushout of G-spaces;
Here sX(p-1) = i σ i X(p-1) for σ i are the ordered effective morphisms from
where the colimit is computed in the category of G-spaces.
By Proposition A.2, the functor R D has a left adjoint L D and we have the following diagram.
Model Category Structures
We now set up the model category structure for all the categories which play a role in proving the main theorem.
The G-topological category GT admits a compactly generated model category structure where
• cofibrations are maps with left lifting property with respect to all trivial fibrations.
are the generating cofibrations and trivial cofibrations in GT .
The following result is well known. This proof is an adaptation of the nonequivariant case.
Theorem 5.1. Let D be an pointed G-operad. The category of D-spaces forms a model category with weak equivalences and fibrations defined on the underlying category of G-spaces.
Proof. Let D be the monad corresponding to the operad D. The category GT forms a cofibrantly generated model category with weak homotopy equivalences and Serre fibrations. The maps
n ×I) + are the generating cofibrations and acyclic cofibrations respectively. By [15, Prop 5 .13] we need to show that the maps
, satisfy the cofibration hypothesis [15, 5.3] and that the monad D preserves reflexive coequalizers.
Reflexive coequalizers of spaces preserve finite products. Also, colimits commute with coequalizers implies D preserves reflexive coequalizers.
Thus we need to show that
the pushout is a Hurewicz cofibration . (ii) Every relative DJ-cell complex is a weak equivalence. Note that
and the degeneracy maps are Hurewicz cofibrations.
Similar ideas can be used to show that every DJ-relative cell complex is a weak equivalence. 
H is a weak equivalence and a Serre fibration respectively. A map of A-spaces is said to be a q-cofibration if it has the left lifting property with respect to all level acyclic fibrations. A map of A-spaces X → Y is said to be an h-cofibration if X(a) → Y (a) is a Hurewicz G-cofibration (has Ghomotopy extension property) for all a ∈ ObjA.
For every a ∈ A we have an adjoint pair of functors, Proof. The category A[GT ] is complete and cocomplete since the colimits and limits are evaluated in the underlying category of G-spaces. In order to show that the model structure on GT lifts to A[GT ], we need to show that the sets F a I and F a J satisfy the cofibration hypothesis. This follows from the adjointness of F a and the model category structure on GT .
Corollary 5.4. The category GΠ[GT ] is a compactly generated model category with the level model category structure. Then the sets F S I and F S J for all S ∈ ObGΠ are the generating cofibrations and generating acyclic cofibrations.
Then by restricting to the subcategory GΠ this also defines a GΠ-space. The projection morphisms p s where s ∈ S induce a map
Define a GΠ-space X to be a V -local object if for every map in
Then in the localized model category structure on GΠ[GT ]
• weak equivalences are V -local equivalences,
• cofibrations are cofibrations in the level model category structure • fibrations are maps with right lifting property with respect to trivial cofibrations and • fibrant objects are the V -local objects.
It is easy to check that E ′ is the left adjoint to the forgetful functor i :
This induces an adjoint pair of functors between GΠ[GT ] and Π [GT ] . Define E : Π[GT ] → GΠ[GT ] as the right adjoint E = iP.
Then the model category structure on GΠ[GT ] induces a model category structure on Π[GT ] where
• Cofibrations are maps with the left lifting property with respect to trivial fibrations. Denote Π[GT ] with the localized model category by Π[GT ] iV . The notation is appropriate since by Claim A.4 we can also consider this as localizing the induced model structure on Π[GT ] with respect to iV .
is a G-weak equivalence. In particular,
is a G-weak equivalence.
If |S| = k then the G action on S can be described by an isomorphism ρ : k → S. Then an argument similar to the proof of Proposition 3.7 shows that
The space X is fibrant if and only X(k) ρ → (X(1) k )) ρ is a G-equivalence for every k and ρ. In this localized model category structure the fibrant objects in Π[GT ] are therefore, exactly the special Π-spaces. Proposition 5.6. Let G be a category of equivariant operators. Define
• a map of G-spaces X → X ′ to be a weak equivalence (fibration) if EU G X(n) → EU G X ′ (n) is a weak equivalence (fibration) of GΠ-spaces and • a map of G-spaces to be a cofibration if it has the left lifting property with respect to all trivial fibrations. Then G[T G ] forms a compactly generated model category with this structure. The set of maps F G iF S I and F G iF S J for all objects S of GΠ, are the generating cofibrations and generating trivial cofibrations.
Proof. Colimits and limits exist in the category of G-functors from G → T G . The sets F G iF S I and F G iF S J satisfy the cofibration hypothesis. This follows from the fact that U G preserves colimits, iF S I and iF S J satisfy the cofibration hypothesis and the functor F G commutes with tensoring over spaces. Now, apply the small object argument [15, Lemma 5.3 ] to prove the factorization axioms. The other axioms are easy to prove from definitions and since the model structure is inherited from the model structure on Π[GT ]. 
The adjoint pair L and R is a Quillen pair between Π[GT ] and GT . We need to show that the adjoint pair
. Then LX is cofibrant and also fibrant since all objects of GT are fibrant. Further RLX(n) = Map(n, X(1)). Then being fibrant in Π[GT ] iV implies EX → ERLX is a level G-weak equivalence and hence a weak equivalence.
Thus L and R induce a Quillen equivalence.
We would like to understand what it means forDX to be special. 
where the relation is given as follows. Let f ∈D(m, k), y ∈ X(n) and α ∈ Π(n, k).
Let H be a subgroup of G and ρ : G → Σ k be a group homomorphism. The G action onD(X(k)) is via the G-action on Γ(m, k) for all m and diagonal action on
where the relation ∼ is as defined before.
Let X be an object of Π [GT ] . Let H be a subgroup of G. Let ρ : G → Σ n be a group homomorphism. By Lemma 4.10 we have a filtration forDX(n). Then by above remark and since fixed points preserve pushouts, note that F
is the pushout of the following diagram;
Here sX(p-1)
H where σ i are the ordered effective morphisms from p-1 → p. The morphism v takes (α, c; σ i x) to (ασ i , c; x). H → X(p) H is a Σ p -h-cofibration for all H < G, and i is a h-cofibration.
H are weak equivalences for all H < G.
As in the non-equivariant case, we can show that if X is cofibrant then the map
H is a Σ p -cofibration for all H < G. Since Σ k acts freely on D(k), we have that i is a Hurewicz-cofibration. Therefore the pushout diagram preserves weak equivalences.
Proof. A Π-space, X is fibrant if for every n ∈ N and homomorphism ρ : G → Σ n , the map X(n) ρ → X(1) 
are G-weak equivalences. By two out of three of weak equivalences we get that implies Note that R D creates all weak equivalences inD-spaces. Given a cofibrant-fibrantD-space X the map of Π G -spaces
Since L D preserves weak equivalences of cofibrant objects inD[T G ],
is a weak equivalence of GΠ-spaces. Therefore,
We have the following commutative diagram
where the map β is induced by the map of triples
By Lemma 4.11 and Lemma 5.9 the map β is a weak equivalence of simplicial objects on Π-spaces for cofibrant-fibrant X. Given a cofibrantD-space X, the bar construction is Reedy cofibrant in the Hurewicz-Strom model category structure by Proposition B.5. Moreover, geometric realization preserves weak equivalences by Proposition B.2. Therefore, . Then in the non equivariant case, the corresponding Theorem 5.17 and Theorem 5.16 respect the symmetric monoidal structures. Thus the equivalence between E ∞ -spaces and Γ-spaces is symmetric monoidal. We expect this to generalize to the equivariant case. We will talk about the monoidal structure on equivariant Γ-spaces elsewhere.
Comparison Theorem
Let N denote the G-operad, defined as N (m) = * with a trivial G-action. Let E be a E ∞ -G-operad such that 1 → E(1) is a Hurewicz G-cofibration. Then by definition for every subgroup Λ < G × Σ m such that Λ does not contain any nontrivial subgroups of Σ m , E(m) Λ → N (m) Λ is a weak equivalence. Consider the category of equivariant operators induced by the operads E and N . For any subgroup H of G and ρ :
Since E is an E ∞ -G-operad, EÊ n is G-weakly equivalent to EN n . Since E is an E ∞ -operad for any subgroup H of G and group homomorphism ρ : H → Σ n , the space (E(n) ρ ) H is contractible. Note thatN = Γ. This implies that 
Proof. of Proposition 6.3 We have shown that E[T G ] is Quillen equivalent to Γ[GT ]
via a Quillen equivalence with the categoryÊ[T G ]. Let X be an E ∞ -space. Then R E X is a fibrantÊ-space. If we take its cofibrant replacement Y → R E X in the level model category structure onÊ[GT ] then Y is fibrant-cofibrant in the localized model category onÊ-spaces. Now let v :Ê → Γ denote the morphism of category of operators induced by the contractibility of E(n)'s. By Proposition 6.4 the space v * B(Ê,Ê, Y ) is a fibrant Γ-G-space. Thus, up to a cofibrant replacement, an equivariant E ∞ -space is equivalent to a special equivariant Γ-space.
Γ G -spaces and Equivariant spectra
Shimakawa [21] generalized Segal's work to the equivariant case to show that special Γ G -spaces model positive connective Ω-G spectra. We extend Shimakawa's work to show that very-special Γ G -spaces model connective G-spectra.
Given a G-functor X : Γ G → T G the left Kan extension of X from the category W G of based G-CW complexes to T G exists. Denote the Kan extension by X again and the homotopy Kan extension of X to W G byX.
Remark 7.1. Note both these constructions are functorial. This defines a functor from the category of equivariant Γ-spaces to the category of equivariant spectra. We elaborate this further in Appendix C.
Then the homotopy extension is given byX(A) = B(Y
face maps are compositions and degeneracy maps are defined via the natural inclusion of identity map in Γ G (T i , T i ).
The left Kan extension of X at A is the coequalizer
There exists a natural map fromX(A) → X(A).
with the localized model category structure on GΓ-spaces. Then the map X → X is a level G-weak equivalence.
Proof. Let X be a representable object of
The set of maps
is the set of generating cofibrations of GΓ[GT ]. A cofibrant object in GΓ[GT ] can be written as a transfinite composition of maps which are pushouts of maps in I.
The bar construction commutes with colimits. Furthermore if the colimits are computed along cofibrations then they preserve the weak equivalences. Therefore, if X is cofibrant thenX → X is a level G-weak equivalence in GΓ[GT ]. Theorem 7.4. Let X be a very-special Γ G -space such that iX is a cofibrant object in GΓ[GT ] with the localized model structure. Let V and W be G-representations
Proof. Shimakawa [21, Thm B] , shows that for any G-representations V and W such that
By Lemma 7.2 we have thatX(
and
are level G-weak equivalences.
Lemma 7.5. Let X be a very special Γ G -space and cofibrant as an object of
Proof. The space X(1) is G-grouplike implies that X(1) has a homotopy inverse under the monoid structure. Let S be finite pointed G-set. Then S is equivalent
Since X is special ,
Since the above equivalence commutes with the monoidal structure, X(S) is G-grouplike.
Let ∆ : 2 → 1 denote the map of finite sets which map both 1 and 2 to 1. Then X(S ∧ 1) being G-grouplike is equivalent to the map
H being a G-homotopy weak equivalence. Now taking homotopy Kan extension preserves the homotopy equivalence since geometric realizations preserve finite products. Therefore for any G-CW complex A,
But by Lemma 7.2 homotopy Kan extension is weakly equivalent to Kan extension. Thus, we have that X(A) is grouplike for all G-CW complexes A if X is very-special.
Theorem 7.6. Let X be a very-special Γ G -space such that iX is a cofibrant object in GΓ[GT ] with the localized model structure. Then {X(S V )} is an equivariant Ω-spectrum.
Proof. By Lemma 7.5 and Lemma 7.3(b), given a very-special Γ G -space X which is cofibrant in GΓ[GT ], for any G-representation V we have that
But, Thm 7.4 says that X(S 0 )
Then in the following diagram for any G-representation V
both the horizontal arrows and the right vertical arrow are G-weak equivalences. This implies that X(S 0 )
is a G-weak homotopy equivalence. Therefore, {X(S V )} is an equivariant Ω-spectrum.
G-spaces and Orbit Categories
Definition 8.1. Let G be a finite group. Define the orbit category of G denoted O(G) to be the category with • left cosets G/H for every subgroup H of G as the objects • and, G-set maps as the morphisms. The morphism set can be identified as follows Given a G-space W , we can define a O(G)-space ΦW defined as
Note that since the category T G is G-enriched, it is naturally O(G) enriched. The model category structure on G-spaces is as described in Section 5. The category of O(G)-spaces has a level-model category structure where
is a weak-equivalences (Serre fibration) of spaces.
• and, cofibrations are maps with the left lifting property with respect to acyclic fibrations.
Proposition 8.3. [17],[8]
The functor Φ has a left adjoint C and we have an adjoint pair of enriched functors.
and the categories O(G) [T ] and GT with the model structures described above
is a Quillen equivalence.
Units of Equivariant Ring Spectra
We construct the group of units of a special equivariant Γ-space and show that it is a very special equivariant Γ-space. We use the equivalence of equivariant Γ-spaces and equivariant E ∞ -spaces to give a construction of the units of equivariant ring spectra.
9.1. Units of Special Γ-spaces. Denote the category of sets with set maps by I and let I G denote the category of G-sets with the morphisms being set maps. The
for all k ∈ K.
Definition 9.1. Define a Γ-set N to be a functor from Γ → I such that N (0) = * . Then N is a special Γ-set if the map
n is an isomorphism.
Let N be a special Γ-set. Let i : 0 → 1 be the inclusion. Then N (1) is a commutative monoid via the monoidal structure given by
2 is an isomorphism and we have a product structure on N (m ∧ 1).
We can define the group of units of N (1) in terms of a very special Γ-set. Let N ′ be a Γ-set defined as the pullback of the following diagram:
Since m∧0 = 0 and N (0) = * the above construction is functorial, that is, describes a Γ-set. By construction N ′ (m) is the pair of invertible elements of N (m) with their inverses. The Γ-set U N describing the group units of N is therefore, the image of N ′ under the projection onto first factor namely,
Definition 9.2. Let G be a finite group. Define a Γ G -set to be a G-functor A from Γ G → I G such that A(0) = * . Let θ : S ∧ A(S) → A(1) be as defined in Definition 3.4. A Γ G -set A is special if the adjoint of θ induces a G-isomorphism, that is,
A(S)
is an isomorphism for all subgroups H of G. Further A is very-special if A(1) H is grouplike under the induced monoid structure for all H < G. is an isomorphism of O(G)-sets. This induces a monoidal structure on B(1)(G/H) for all objects G/H of O(G). If B(1)(G/H) is grouplike for all H < G then B is said to be very special.
Let X be a special Γ G -space. Then π 0 X is a special Γ G -set. Define UX as the following homotopy pullback
By construction, for any map S → T since U X includes into X we have a map from U X(S)(G/H) → X(T )(G/H). But the π 0 U X is a group and this map should factor through a group of units in of π 0 X. Therefore, This U X is an Γ G − O(G)-space by construction.
Lemma 9.6. Let X be a special O(G)-space. Then CUX is a very-special Γ Gspace.
Proof. This follows from the adjointness of the O(G)-spaces and T G .
Definition 9.7. Let X be a special Γ G -space. Define the units of X to be the very-special Γ G -space, CUX.
9.2. Equivariant E ∞ -ring spectra. Denote the category of G-spectra by S G .
Theorem 9.8. The category S G is a topological model category with • weak equivalences being G-weak equivalences of G-spectra,
• fibrations being Serre fibrations of G-spectra and,
• cofibrations being the maps of spectra with a left lifting property with respect to acyclic fibrations.
Moreover, given a continuous monad C : S G → S G such that the category C[S G ] of a C-algebras has continuous coequalizers and satisfies the Cofibration Hypothesis, S G creates a topological model structure on C[S G ].
Proof. The proof is similar to the proof of the non-equivariant version [9, Thm VII.4.4].
There exist adjoint maps from G-spectra to G-spaces.
Here, Ω ∞ X = X 0 for 0 is the trivial representation and Σ ∞ Y denotes the spectrification of {Σ V Y }.
Proposition 9.9. Let L denote the linear isometries G-operad. Then we have a adjoint pair of functors between equivariant E ∞ -ring spectra and E ∞ -spaces.
3. Defining the Units of Equivariant E ∞ Ring Spectra. Let R be a E ∞ -equivariant ring spectrum. Then Ω ∞ R is a E ∞ -ring space. There is a forgetful functor to L-spaces which forgets the additive structure on Ω ∞ R due to the infinite loop space structure. By Proposition 6.3, as an equivariant L-space (forgetting the additive structure) Ω ∞ R is equivalent to an equivariant special Γ-space. We know how to construct units of a equivariant special Γ-space. Therefore, we can make the following definition. Definition 9.10. Let R be an equivariant E ∞ -ring spectrum and Y be the special Γ G -space equivalent to the L-space, Ω ∞ R. Define the unit equivariant spectrum of R to be the equivariant spectrum represented by the very-special Γ G -space CU Y . 
ThenR has a left adjoint such that the following diagram of adjoints commutes
Proof. For any Y inD we have a morphism
Also for any Y inD note we have
The above map denoted by β is in fact a map of triples. Further
This gives an action α :
Define a functorL :D →F as follows. For any X in D,
Using the fact that U dR = RU f and LR = id we get that the coequalizer diagram is • weak equivalences are S-local equivalences, namely, morphisms Z → W such that Map(W, X) → Map(Z, X) is a weak equivalence for all fibrant X.
This reduces to
• cofibrations are maps which are cofibrations in D.
• fibrations are maps with right lifting property with respect to acyclic cofibrations.
In the model category D sT • Weak equivalences and fibrations same as those in D s .
• Cofibrations are the ones with left lifting property with respect to acyclic fibrations.
In the model category D T S • Weak equivalences are T S local equivalences.
• Cofibrations are on the underlying category D.
• Fibrations have the right lifting property with respect to acyclic cofibrations.
Note that the free functor F T on D is left adjoint to the forgetful functor U T on D T . Thus a T S-local object in D T is exactly a T -algebra whose underlying space is an Slocal object of D. Both model categories have the same fibrant objects. For similar reasons, both model categories have the same weak equivalences. Moreover, fibrations in D sT are fibrations in D T S . Thus one can show that the identity functors will actually induce an Quillen equivalence between the two model categories.
Appendix B. Cofibrant Objects Proposition B.1. The category of G-topological spaces forms a model category with • weak equivalences as G-homotopy equivalences of G-spaces,
• cofibrations are Hurewicz G-cofibrations denoted by h-cofibrations and • fibrations are maps with right lifting property with respect to trivial cofibrations denoted by h-fibrations. In particular, fibrations are Hurewicz fibrations.
We will call this the Hurewicz-Strom model structure on G-spaces.
Proposition B.2. Let X be simplicial object in G-topological spaces with the Hurewicz-Strom model structure. Then geometric realization preserves weak homotopy equivalences between Reedy cofibrant objects.
Lemma B.3. [9, I.δ6.5] Let A → B be a h-cofibration of G-topological spaces. Then cobase change along a weak homotopy equivalence is a weak homotopy equivalence.
Lemma B.4. Let the following be a pushout diagram of G-spaces ;
If i is a h-cofibration then the pushout is preserved under weak homotopy equivalences.
For rest of this section we will assume that GT has the Hurewicz-Storm model structure. Consider Note in the case that this Proposition is applied we assume that X is cofibrant in model category described in Section 5.6.
In order to prove Proposition B.5 we reformulate the proof of a similar result by Rezk [Thesis] .
Consider the category of covariant functors from Π op × Π to GT denoted by (Π op × Π) [GT ] . We can define a monoidal structure on Π op × Π-spaces as follows. For any Π op × Π-spaces A and B define a Π op × Π-space as
Note ΠoA = A and AoΠ = A.
The category of Π op × Π-spaces acts on the category of Π-spaces. Let X be a Π-space and A be a Π op × Π-space. Then define a Π-space A(X) as follows
This defines right closed action of Π op × Π-spaces on Π-spaces. Let X and Y be Π-spaces. Define
Hom(X, Y )(m, n) := T G (X(m), Y (n)). Note this is a Π op × Π space. Let X and Y be Π-spaces and A be a Π op × Π-space. Then
Further given Π op × Π-spaces A and B we get a function Π op × Π-space defined is the coequalizer Proof. By previous lemma and Proposition B.8 the map A n • X → G
•n+1 • X is a cofibration. Now, L n B • (H, G, X) ∼ = H • A
•n • X. This implies from Proposition B.9 that L n B • (H, G, X) → B n (H, G, X) is a level cofibration.
Proof. of Proposition B.5 follows from the previous lemma.
Appendix C. Discussion on units of equivariant ring spectra Following is a discussion regarding the equivariant gl 1 functor from equivariant ring spectra to equivariant spectra. Let S G denote the G enriched category of Gspectra and GS denote the category of G-spectra without the enrichment. There exists Quillen pair of functors between equivariant ring spectra and equivariant E ∞ -spaces There are two relevant model structures on the category of equivariant Γ-spaces. The one described in this paper is such that the fibrant objects in the category are special equivariant Γ-spaces, which we will denote by Γ[GT ] s . There is a different model structure in which fibrant objects are very special equivariant Γ-spaces which we denote by Γ[GT ] vs . In a later paper (joint with Chenghao Chu), we show that there is a Quillen pair between the category of equivariant Γ-spaces and a suitable category of equivariant spectra that induces a equivalence between the homotopy category of connective equivariant spectra and homotopy category of equivariant Γ-spaces. We will have a Quillen pair as follows, where A and B denote the equivariant analogs of functors A and B defined by Segal [20] Assembling all these diagrams and noting that the Quillen pair 7 induces an equivalence on the homotopy category of connective spectra. We can define the functor on the homotopy cateories gl 1 : ho.Γ[GS] → ho. connective GS ⊂ ho.GS adjoint to the functor AΩ ∞ : ho. connective GS ⊂ ho.GS → ho.Γ[GS].
Remark C.1. We expect that the notion of equivariant Γ-spaces can be extended to the notion of equivariant Γ-spectra and one can generalize the result in this paper to a Quillen equivalence between the category of equivariant E ∞ -spectra and equivariant Γ-spectra. Following the notation in this article, we will have, Claim C.2. Let E denote a E ∞ -G-operad. Then with appropriate model structures where the fibrant objects in Γ[GS] are special objects, we get a zigzag of Quillen equivalences between E[S G ] and Γ [GS] We can reiterate the definition of gl 1 in the equivariant case using the above claim.
